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Optical emitters strongly coupled to photons propagating in one-dimensional waveguides are a
promising platform for optical quantum information processing. Here, we present a theoretical study
of the scattering of two indistinguishable photons on a single two-level atom in a Hong-Ou-Mandel
set-up. By computing the dynamics, we can describe the system at any time of the scattering event.
This allows us to highlight the one-to-one correspondence between the saturation of the atom and
the effective interaction induced between the photons. Furthermore, we discuss the integrability of
the atomic beamsplitter and provide an intuitive picture for the correlations observed between the
outgoing photons.
I. INTRODUCTION
The beamsplitter (BS) is an elementary unit of quan-
tum linear optics [1] and has applications in various fields,
such as quantum computation [2, 3] based on the Hong-
Ou-Mandel (HOM) effect [4] or quantum network [5]. Re-
cent experimental progress has brought the linear BS be-
yond the conventional optical realization made of glass,
for instance using Landau-Zener transitions for electronic
spin states in a double quantum dot [6] or for an artifi-
cial atom in a superconducting circuit [7], modulating
SQUIDs in a superconducting cavity [8] or even using
electromagnetically induced transparency for slow light
in an atomic vapor cell [9].
In the present work, we investigate the BS transfor-
mation realized by a two-level system (referred to as an
“atom” in the rest of the paper) on photons propagat-
ing in a one-dimensional (1D) waveguide, as illustrated
in Fig. 1. Strong light-matter interaction makes the 1D
waveguide set-up [10–15] a promising candidate for quan-
tum information processing. Indeed, while photons are
the preferred choice for communicating quantum infor-
mation, their lack of interaction is a drawback for the
implementation of two-qubit gates. In view of building
an optical quantum computer, one way of introducing an
effective interaction between photons at low light power
is to use the atom as a nonlinear medium [16]. Indeed,
because it cannot absorb or emit more than one photon
at a time, a pair of incident photons will not interact with
the atom in the same way as a single photon does. To
date, several practical devices based on this nonlinear-
ity have been proposed, such as single-photon transistors
and routers [17–19], on-chip amplifiers [20] or quantum
non-demolition photodetectors [21].
In fact, an effective two-qubit gate would also be possi-
ble in a regime of operation where the atomic BS behaves
as a conventional linear BS. Specifically, when tuned as
a balanced BS, two indistinguishable photons incoming
in opposite directions will bunch into the same output
mode. The output state thus reads |ψout〉 = |2,0〉+|0,2〉√2 ,
corresponding to a superposition of finding the two pho-
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FIG. 1. (color online). Two indistinguishable photons im-
pinging on a beamsplitter. (a) Conventional linear beamsplit-
ter with reflection and transmission amplitudes respectively
given by r and t. (b) Atomic beamsplitter formed by strongly
coupling a two-level atom to a 1D waveguide.
tons co-propagating to the left or to the right in Fig 1b.
This creation of entanglement between separated pho-
tons impinging on a BS [22], also called HOM effect,
arises from the interference between probability ampli-
tudes and is a direct manifestation of the bosonic nature
of photons [23]. It has been shown that it can be used to
probabilistically realize quantum logic operations with
only linear quantum optics and postselection on detec-
tion events [2, 24]. In this case, while the lack of photon-
photon interaction precludes the realization of determin-
istic quantum computing [25], the atomic BS has the
great advantage of being tunable [26], in contrast to a
piece of glass with fixed properties.
Following these motivations, we study analytically how
the saturation of the atom effectively affects the behav-
ior of the atomic BS in a HOM setup. Our transparent
approach allows to compute the dynamics and thus to in-
tuitively understand our results by monitoring the atomic
excitation during the scattering event. This differs from
previous models limited to post-scattering descriptions
based on a real-space formalism [27–29], input-output
theory [30] or standard scattering theories [31, 32]. More-
over, we study in details the correlations induced by the
atom on the outgoing photons. While these correlations
are highly non-trivial in the frequency domain [28, 33],
we provide an intuitive understanding of the underlying
physics by studying them in the time domain. This lays
the foundations for discussing the integrability of the de-
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2vice in various regimes of operation.
II. MODEL
We consider the system illustrated in Fig. 1b, consist-
ing of a 1D waveguide strongly coupled to an atom with
resonance frequency ωA between ground |g〉 and excited
|e〉 states. We study the scattering of two indistinguish-
able photons propagating in opposite directions
|ψin〉 =
∫ ∞
0
dω
∫ ∞
0
dω′ f(ω)f(ω′) aˆ†ω bˆ
†
ω′ |0a, 0b, g〉 , (1)
where aˆω (bˆω) is the annihilation operator of the forward-
(backward-) propagating photon mode and where the
amplitude f(ω) is centered around frequency ω0 and has
bandwidth ∆f ≡ Ω.
The dipole Hamiltonian describing the interaction be-
tween the atom and the propagating photons, under ro-
tating wave approximation, is given by [34]
Hˆdipole = −i~
∫ ∞
0
dω gω
[
|e〉〈g|
(
aˆω + bˆω
)
−H.c.
]
, (2)
where gω is the coupling constant. We shall work with
the Weisskopf-Wigner approximation, so that the cou-
pling enters the results through the atomic bandwidth
γ ≡ 2pig2ωA . Any relevant physical quantity is then read-
ily obtained — at any time t — by deriving the Heisen-
berg equation of the corresponding observable and solv-
ing a closed set of first-order differential equations (see
Appendix A for further details on the derivations).
The HOM effect is captured by the average coincidence
after the scattering event, i.e. the probability of finding
the two photons propagating in different output modes:
C ≡ lim
t→∞〈ψin|Nˆa(t)Nˆb(t)|ψin〉, (3)
with Nˆa =
∫∞
0 dω aˆ
†
ωaˆω and Nˆb =
∫∞
0 dω bˆ
†
ω bˆω respec-
tively the photon-number operators of forward and back-
ward propagating modes. For a conventional 50/50
BS, the HOM bunching results in vanishing coincidence
C = 0.
However, the average coincidence alone fails to capture
the rich physics of the atomic BS. We expect this BS to
be non-linear and frequency-dependent, and this means
that the output photons may be distorted and correlated
with each other; the extent up to which this happens may
limit the integrability of the BS in a more complex circuit.
For this more thorough study, we shall post-select on the
cases when the outgoing photons exit in different modes
(coincidence) and study the joint spectral distribution
Sω1,ω2 ≡ lim
t→∞ |〈0a, 0b, g|aˆω1(t)bˆω2(t)|ψin〉|
2 . (4)
As it will turn out, some of the physics will be easier to
understand from the two-time correlation
Sτ1,τ2(t) ≡ |〈0a, 0b, g|aˆτ1(t)bˆτ2(t)|ψin〉|2 , (5)
where aˆτ1(t) ≡
∫∞
0 dω aˆω(t)e
−iωτ1 and similarly for bˆτ2(t).
Finally, by tracking the atomic excitation during the
scattering event, we can correlate the saturation of the
atom and the induced nonlinearity on the photons. We
shall therefore also study the probability of excitation of
the atom as a function of time t
Pe(t) ≡ 〈ψin|σˆz(t)|ψin〉+ 12 , (6)
where σˆz = |e〉〈e| − |g〉〈g|. Pe(t) varies between 0, corre-
sponding to the atom being in the ground state |g〉, and
1 when the atom is in the excited state |e〉.
III. MONOCHROMATIC LIGHT
We first investigate the monochromatic limit Ω  γ,
frequently used in theoretical studies [27, 35]. The details
of the calculations are given in Appendix A. The average
coincidence probability is found to be (Fig. 2)
Co ≈ 1− 4(∆/γ)
2
[1 + (∆/γ)2]2 = 1− 4R
oT o, (7)
with ∆ ≡ ω0 − ωA the detuning and Ro = 1 − T o =
1/[1 + (∆/γ)2] the single-photon reflection coefficient
in the monochromatic limit [26]. In other words, for
monochromatic photons, the average two-photon coin-
cidence Co is fully determined by the atomic response
to individual single photons and follows the behavior of
a linear BS with reflection coefficient Ro. This means
that no interaction between the photons is mediated by
the atom. This absence of nonlinearity correlates well
with the fact that
Poe (t) ≈ 0 ∀t (8)
meaning that the atom is mostly found in the ground
state during the scattering event. This so-called weak-
excitation limit arises naturally: the narrow frequency
bandwidth of the incoming photons Ω  γ implies a
long pulse in the time domain compared to the atomic
lifetime.
Finally we find that the spectral distribution of the
outgoing photons is preserved:
Soω1,ω2/C ≈ |f(ω1)f(ω2)|2 . (9)
This is again explained by the monochromatic limit:
since the atom effectively sees a single frequency ω0, it
responds in the same way to each frequency components
of the input pulse. Thus, no correlation between the pho-
tons is induced by the atom.
As a last check, we can study how the coincidence
varies when the two input photons are not arriving
simultaneously at the BS. To this effect, we replace
f(ω)f(ω′) −→ f(ω)f(ω′)eiω′τ in (1). Fig. 3 shows the
result at the point Ro = T o = 1/2: as expected, the
HOM bunching at τ = 0 disappears when the delay is
large enough for the photons become distinguishable.
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FIG. 2. (color online). Average coincidence Co (7) at the
output of the atomic BS as a function of the normalized de-
tuning ∆/γ for monochromatic indistinguishable photons. In
dashed red is the reflection coefficient Ro for a monochro-
matic single-photon input. The behaviour is that of a linear,
frequency-independent BS. At resonance,Ro = 1 (as observed
in recent experiments [11, 19]) and therefore each photon is
reflected. When |∆| = γ, Ro = 1/2 and HOM bunching is
predicted.
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FIG. 3. Average coincidence at the output of the balanced
atomic BS as a function of the delay between the two photons
in the effectively monochromatic regime. The delay is normal-
ized with respect to the photon-pulse duration and reaches 1
when the pulses do not overlap anymore.
IV. PULSED LIGHT: FREQUENCY
DEPENDENCE AND NONLINEAR REGIME
In summary, we have seen that for Ω  γ the atomic
BS is both linear and photon-shape preserving. It is im-
portant to notice that these properties are not identical:
distortion and correlation of the photon shapes are ex-
pected as soon as the frequency dependence of the BS
plays a role. In order to clearly separate these effects
from actual non-linearities, we discuss first the behaviour
of a hypothetical BS that would be linear but frequency-
dependent (section IVA); only later we’ll compute the
physics of the actual atomic BS (section IVB). For the
remainder of the paper we focus on the case when the
photons are at resonance, ∆ = ω0 − ωA = 0.
A. Linear BS with frequency-dependent response
Consider a linear BS whose reflection rω and transmis-
sion tω amplitudes are frequency-dependent:
{
aˆ†ω → tωaˆ†ω + rω bˆ†ω
bˆ†ω → tω bˆ†ω + rωaˆ†ω
(10)
The input state (1) is then mapped to
|ψout〉 =
∫ ∞
0
dω
∫ ∞
0
dω′ f(ω)f(ω′)
[
(tωtω′ + rωrω′)aˆ†ω bˆ
†
ω′ + tωrω′(aˆ†ωaˆ
†
ω′ + bˆ†ω bˆ
†
ω′)
]
|0a, 0b, g〉, (11)
from which we can compute the coincidence as [33]
C =
∫ ∞
0
dω
∫ ∞
0
dω′ |f(ω)f(ω′)(tωtω′ + rωrω′)|2
= T 2 +R2 + 2 Re
[
(
∫ ∞
0
dω |f(ω)|2tωr∗ω)2
]
. (12)
where R = 1−T = ∫∞0 dω |f(ω)rω|2 is the single-photon
reflection coefficient for the pulse under consideration.
Assume now that (rω, tω) are those of a single photon
impinging on the atomic BS [26]
rω =
−i
(ω − ωA)/γ + i and tω =
(ω − ωA)/γ
(ω − ωA)/γ + i .
4Then, the product tωr∗ω = i
(ω−ωA)/γ
[(ω−ωA)/γ]2+1 is an odd func-
tion in ω − ωA. Therefore, any symmetric pulse of finite
bandwidth on resonance with the atomic transition would
yield in the linear regime
C = T 2 +R2 = 1− 2RT ≥ 12 , (13)
because the last term in (12) vanishes due to the parity
of |f(ω − ωA)|2 [36].
The spectral distribution of the outgoing photons fol-
lows from Eq. (11) as
Sω1,ω2 = |f(ω1)f(ω2)(tω1tω2 + rω1rω2)|2 . (14)
As expected in the linear regime, it is a simple interfer-
ence between the two photons being either transmitted
or reflected. From this decomposition, one can see that
frequencies satisfying
tω1tω2 = −rω1rω2 =⇒ (ω1 − ωA)(ω2 − ωA) = γ2 (15)
interfere destructively. This naturally includes the sit-
uation where both frequencies are the same and equal
to ω1 = ω2 = ωA + γ: the physics of the linear HOM
effect is still present, as it should. Besides, the pres-
ence of a continuum of frequencies in the input pulses
allows for more combinations which also lead to a van-
ishing coincidence. However, it also gives rise to many
other combinations that contribute significantly to the
coincidence. Frequency components close to resonance
and far off-resonant are respectively reflected and trans-
mitted without interfering; and those frequencies that
satisfy
tω1tω2 = rω1rω2 =⇒ (ω1 − ωA)(ω2 − ωA) = −γ2 . (16)
produce constructive interference. All together, these
contributions lead to the lower bound on the coincidence
in Eq. (13).
B. Nonlinearity induced by the atomic BS
We can now study the exact response of the atomic
BS to pulses of finite bandwidth Ω. For simplicity of
the formulas and the presentation of the results, we work
with square pulses unless specified otherwise.
Let us start with the average coincidence, which is
found to be (see Appendix A)
Cu = 1− 3Ω/γ
[
1− Ω/γ + e− 2Ω/γ (1 + Ω/γ)
]
(17)
where Ru = 1−T u = 1+ (−1 +e− 2Ω/γ )Ω/γ2 is the single-
photon reflection coefficient for a square pulse of band-
width Ω. In particular, Cu is different from 1 − 2RuT u
the prediction of the linear BS. As we see in Fig. 4, the
effect of non-linearity is maximal when Ω ≈ γ. For in-
stance, when the BS is balanced at the single-photon
level (Ru = T u = 1/2), which happens for Ω/γ ≈ 1.25,
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FIG. 4. (color online). Average coincidence at the output of
the BS on resonance ∆ = 0 as a function of the normalized
bandwidth Ω/γ. The thick line is the coincidence derived for
the atomic BS (17). The dashed line represents the expected
coincidence 1−2RuT u for square pulses impinging on a linear
BS with reflection coefficient Ru. The red filled circles are
numerical simulations obtained in Ref. [37] for gaussian pulses
and the red line is computed with our model. The green line
corresponds to exponentially rising pulses.
Eq. (13) for the linear BS yields C = 1/2, while Eq. (17)
predicts Cu ≈ 0.23 for the atomic BS.
To leave it clear that our method is not limited to
square pulses, in Fig. 4 we have also plotted C for expo-
nentially rising pulses (time-reversed of atomic sponta-
neous emission) and for Gaussian pulses. The latter are
found to be in perfect agreement with the recent numer-
ical simulations performed by A. Nysteen et al. [37] on
the same physical situation. In all these cases, non-linear
effects show a violation of the linear lower bound (13).
As before, we expect to find a correlation between the
nonlinear response of the atomic BS and the atomic ex-
citation during the scattering event. This can be seen
by evaluating the atomic excitation during the scatter-
ing event (incidentally, a time-dependent quantity that
is not accessible to post-scattering descriptions [27]). We
find (see Appendix A)
Pue (t) = Ω/γ
[
1− 2Ω/γ + 2e−γt
(
− 1 + (−1 + γt)4Ω/γ
)
+e−2γt
(
1 + (5 + 2γt)2Ω/γ
)]
. (18)
As shown in Fig. 5, when Ω ≈ γ the atom is significantly
excited during most of the pulse duration, and it’s in this
regime that the largest nonlinearity is present. When we
move away from the regime Ω ≈ γ, the nonlinearity in-
duced by the atom decreases. For Ω  γ, the atom
is only weakly excited, as we discussed above (8). For
Ω γ, the excitation builds up slowly; in the frequency
domain, most of the components of the pulse are off-
resonant. In summary, the regime Ω ≈ γ thus combines
the advantages of pulses concentrated in time (higher in-
tensity) and in frequency (resonant coupling), leading
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FIG. 5. (color online). Probability of atomic excitation as a
function of time t in units of pulse duration τu = 2/Ω. The
green, red and blue line represent respectively the normalized
bandwidth Ω/γ = 0.1, Ω/γ = 1.25 and Ω/γ = 10. ∆ = 0.
to significant nonlinearity induced by the atom. This
corroborates conclusions reached in a cavity-based sys-
tem [38] and is also in agreement with findings obtained
for coherent states [17].
C. Correlations in the frequency domain
While the emergence of the nonlinearity in a specific
range of bandwidth can be correlated to the saturation of
the atom, the reason for the resulting increased bunching
does not appear as straightforward. Let us turn first to
the correlations of the outgoing photons in the frequency
domain, which read (see Appendix B)
Suω1,ω2 =
∣∣f(ω1)f(ω2)(tω1tω2 + rω1rω2) (19)
+rω1 + rω2
piγ
∫ ∞
0
dω f(ω)f(ω1 + ω2 − ω)rωrω1+ω2−ω
∣∣2 .
We recognize here the sum of two amplitudes, the linear
term obtained in Eq. (14) and of what has been called
“background fluorescence” in Ref. [27]. There, it is un-
derstood as a redistribution of the input photons frequen-
cies which “arises as one photon inelastically scatters off
a composite transient object formed by the atom absorb-
ing the other photon.” This is definitely a qualitative
description of the role of that term, but not of its details.
More insight can be gathered from Fig. 6, where we
plot Suω1,ω2/C for square pulses of various bandwidth Ω,
together with the linear term alone. The case of small
bandwidth Ω/γ = 0.1 is expected: in the monochromatic
regime, the atomic BS was found to be linear and shape
preserving. When moving away from the monochromatic
regime, the linear term shows distinctive destructive in-
terference for frequencies satisfying Eq. (15). The actual
response of the atomic BS, however, is far more complex.
We would like to highlight one feature, that we’d call re-
versed HOM effect: destructive interference are observed
for the exact frequency combinations which were yield-
ing constructive interference in the linear regime and vice
versa.
Instead of trying to further infer the physics of the
atomic response from the post-scattering correlations in
frequency domain, let’s tackle the problem at the source,
breaking down the different path amplitudes contribut-
ing to a coincidence event. This is represented in Ta-
ble I, where the amplitudes are given in the case of a
linear BS. One can check that by summing the five paths
we recover the linear spectra obtained in Eq. (14). Now
we also understand that the saturation of the atom will
affect the (c) paths, those in which both photons are ab-
sorbed and subsequently re-emitted. In particular, the
nonlinear contribution is expected to correct the ampli-
tude of these two paths in a way that accounts for the
impossibility of the atom to emit two photons at the same
time. Since this is not obvious in the frequency domain
(see Eq. (19)), we continue the study in the time domain,
where the typical response time of the atom γ−1 should
appear naturally.
D. Correlations in the time domain
In the time domain, instead of asking for the proba-
bility density of detecting a photon at a given frequency
ω (Eq. 4), we ask for the probability density of detecting
it at time τ (Eq. 5). This parameter τ , which has to be
distinguished from the dynamical time t, represents the
time distance from the wavefront of the pulse.
The time decomposition of the input pulse is readily
obtained as a Fourier transform of the frequency shape
ξ(τ) ≡ F [f(ω)](τ). This accounts for the process in Ta-
ble I(a). Less trivially, the linear amplitude of detecting
a photon that has been absorbed and reemitted by the
atom at a distance τ from the wavefront is given by the
convolution between the characteristic response function
of the atom and the incoming pulse profile:
cA(τ) ≡ F [f(ω)rω](τ) = −γ
∫ τ
0
dτ ′ e−γ(τ−τ
′)ξ(τ ′) .
(20)
The convolution is run from the wavefront until the time
distance of interest τ , which accounts for the fact that
this photon could have been absorbed at any moment
right from the start of the pulse. Given the symmetric
coupling of the atom to the waveguide, this amplitude
does not depend on the direction of emission.
With this knowledge we can now move on to describe
the full correlations in the time domain, which read (see
Appendix B)
Suτ1,τ2(t) =
∣∣ξ(τ1)ξ(τ2) + [θ(t− τ2)× (21)
(ξ(τ1)cA(τ2) + θ(τ2 − τ1)2cA(τ1)cnlA(τ2, τ1)) + 1↔ 2]
∣∣2 ,
where the Heaviside functions that put conditions on the
dynamical time t translate the fact that one cannot ob-
serve a photon emitted by the atom in the part of the
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FIG. 6. (color online). The spectral distribution of the outgoing photons post-selected on coincidence events Suω1,ω2/C for
resonant square pulses of various bandwidth Ω. The first row corresponds to the photons being scattered by the atomic BS. The
second row, meant for comparison, is the fictitious situation where the scatterer would be a linear BS with the same reflection
rω and transmission tω as those of the atomic BS.
TABLE I. All the paths interfering to yield a coincidence event. Their respective amplitude is given for the case of a linear BS
in the frequency and time domain. (a) Both photons passed by the atom without interacting. (b) One of the photons has been
absorbed and reemitted in the forward direction while the other did not interact. (c) Both photons have been absorbed and
reemitted in opposite directions. The non-linearity of the atomic BS is going to modify the amplitudes of paths (c) according
to Eqs (22) and (23).
(a) (b) (c)
Path
Frequency f(ω1)f(ω2) f(ω1)f(ω2)rω1 f(ω1)f(ω2)rω2 f(ω1)f(ω2)rω1rω2 f(ω1)f(ω2)rω1rω2
Time ξ(τ1)ξ(τ2) cA(τ1)ξ(τ2) ξ(τ1)cA(τ2) cA(τ1)cA(τ2) cA(τ1)cA(τ2)
pulse that has not reached it yet. When comparing this
result with the linear correlations shown in Table I, it ap-
pears that the amplitude of the paths (c) – which involve
the absorption and emission of both photons – has been
mapped to
cA(τ1)cA(τ2)→ θ(τ2−τ1)cA(τ1)cnlA (τ2, τ1)+1↔ 2 , (22)
with a nonlinear amplitude
cnlA (τ2, τ1) = −γ
∫ τ2
τ1
dτ ′ e−γ(τ2−τ
′)ξ(τ ′) , (23)
which is formally identical to Eq. (20) but with the start-
ing point of the integration shifted away from the wave-
front. This result is easily interpreted as follows: if the
first photon is emitted at a distance τ1 and the second
at τ2, then the second photon can only have been ab-
sorbed during the time interval τ2 − τ1. In other words,
the second photon had less time to be absorbed than if it
had been interacting alone with the atomic BS. Therefore
the amplitude of such processes is reduced by running
the convolution from τ1 instead of from the start of the
pulse. Naturally, asking the two photons to be emitted at
the same time τ1 = τ2 gives a vanishing amplitude; at the
7other extreme, the effect is not expected to be noticeable
for τ2 − τ1  γ−1.
After the scattering event, the time distribution of out-
going photons, post-selected on having observed a coinci-
dence event, is limt→∞ Sτ1,τ2(t)/C. We plot this distribu-
tion in Fig. 7 for various pulse bandwidths, again both for
the atomic BS (upper row) and for the hypothetical lin-
ear BS with the same frequency-dependent coefficients.
The most striking evidence of non-linearity is the pres-
ence of valleys, values of (τ1, τ2) for which it is impossible
to observe coincidences. As it was the case with the fre-
quency distributions, it is not easy to comment on the
intermediate regime Ω/γ = 1, but it can be explained
from the two extreme cases that we analyse in detail.
Let us start with the case Ω/γ = 0.1. In the linear case,
the atom is just a fully reflecting mirror, since we work at
resonance, so the distribution is that of the initial square
product |ξ(τ1)ξ(τ2)|2, plus some features at τj . γ−1 and
τj > τ
u respectively due to the transient building of the
atomic response and the spontaneous emission after the
end of the pulse. The exact result is almost identical, but
for the two valleys surrounding the diagonal τ1 = τ2 in a
window of order γ−1. Interestingly, on the diagonal itself
– which is the critical situation where the nonlinearity is
the strongest – we find again the same distribution as in
the linear case. These features can be explained in terms
of the path decomposition given in Table I. Let’s focus
on the diagonal τ1 = τ2 < τu first:
Suτ1,τ1(t > τ1) =
∣∣ξ(τ1)ξ(τ1)(−1 + 2e−γτ1)∣∣2 . (24)
As noted above, the vanishing nonlinear amplitude (23)
ensures that the (c) paths do not contribute. As soon as
the atom is given enough time to react to one photon,
i.e. τ1  γ−1, the two (b) paths fully contribute with a
phase shift of pi coming from the emitted photon. The
overall amplitude is therefore the same as that for the (a)
path, the product of input square pulses, with a minus
sign. This result might seem intruiguing given that the
atom can only emit one photon at a time. Indeed, one
could expect that one photon gets absorbed and reflected
while the other one sees a transparent medium and goes
through, which would lead to perfect bunching. Again,
this is because both (c) paths are precluded: not only
the reflection of both photons, but also one of the path
contributing to double transmission. Finally, the rest of
the diagonal is easily understood: a dip is observed at the
half-life of the atomic response function τ1 = ln(2)γ−1
where the (b) paths contribution is divided by two, while
only the (a) path contributes when τ1  γ−1. When we
move away from the diagonal, we have (assuming γ−1 
τ1, τ2)
Suτ1,τ2(t > τ1, τ2) =
∣∣ξ(τ1)ξ(τ2)(1− 2e−γ|τ2−τ1|)∣∣2 . (25)
For sufficiently separated detections |τ2− τ1|  γ−1, the
(c) paths fully contribute and compensate the (b) paths,
thus leaving the initial profile given in the (a) path. In
physical terms, the atom had enough time to interact
with the two photons one after the other in a linear way.
The two valleys correspond to |τ2−τ1| = ln(2)γ−1, where
the contribution of the (c) paths has been divided by two
as a consequence of the reduced time interval for the ab-
sorption of the second photon. Note that this nonlinear
signature becomes more and more negligible as the band-
width is further decreased Ω γ.
In the case Ω/γ = 10, the time distribution is barely
modified by the presence of the atom. This is rather
expected since, even though the input pulses are very in-
tense in the time domain, they are mostly off-resonant
and thus see the atom as an almost transparent medium.
However, this was where the “reversed HOM effect”
was the most pronounced in the frequency domain (see
Fig. 6). We can now look back and show how the deriva-
tion of that effect is readily obtained from the path de-
composition given in Table I. Indeed, the condition for
constructive interference in the linear regime Eq. (16)
corresponds to the last path in (c) being equal to the
sum of all the other paths. Therefore it necessarily im-
plies that the sum of the (a) and (b) paths vanishes. Now
since the atomic BS cannot respond to both photons in
this regime of short pulses τu  γ−1, the (c) paths do
not contribute and we are left with the precise sum of (a)
and (b), leading to destructive interference.
Finally, we note that our formalism gives us access to
Sτ1,τ2(t) for finite values of the running time t. This rep-
resents the probability that the photons at time τj from
their respective front are found in counter-propagating
modes at time t. It could also be observed as an asymp-
totic coincidence if one were able to suddenly remove the
atom at time t. The changes of Sτ1,τ2(t) as a function of
t are presented in Fig. 8 for small bandwidth Ω/γ = 0.1.
The most obvious feature of the figure is the fact that
photons, that had not reached the atom when it was
removed (τj > t), simply propagate. The transient co-
incidence observed when one photon has seen the atom
but not the other, visible in the off-diagonal squares for
t = τu/2, is explained in the figure caption.
V. AFTER ALL, IS THE ATOMIC BS
INTEGRABLE...
A. ... as a mediator of photon-photon interaction?
We now discuss the integrability of the atomic BS in
the regime Ω/γ = 1 where it responds nonlinearly to
co-incident photons. As mentioned previously, this non-
linearity induced by the atom could in principle allow the
realization of novel practical devices [16]. However, in or-
der for the devices to be implemented in a more complex
circuit, it is of utmost importance that the photons re-
tain their initial shape and do not get mixed. To this
end, Fig. 9 shows how the profile of one outgoing photon
is correlated with the detection of the other photon prop-
agating in opposite direction at a sharp time. Contrast-
ing with recent results where the nonlinearity was found
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FIG. 7. (color online). The time distribution of the outgoing photons post-selected on coincidence events limt→∞ Suτ1,τ2(t)/C
for resonant square pulses of various bandwidth Ω. The first row corresponds to the photons being scattered by the atomic
BS. Note that since the atom can only spontaneously emit a single photon, the coincidences vanish for τ1, τ2 > τu. The second
row, meant for comparison, is the fictitious situation where the scatterer would be a linear BS with the same reflection rω and
transmission tω as those of the atomic BS. The presence of valleys of zero coincidence in the region τ1, τ2 ≤ τu are the clearest
signature of the nonlinearity induced by the atom.
to decrease the correlations induced by the atom [33],
we find that the outgoing photons shape is still severely
modified in a non-trivial manner in this regime. This
hinders the integrability of the device as a mediator of
photon-photon interaction.
B. ... as a tunable BS?
For practical purposes, it is usually necessary to have a
four-port BS where the input and output are in different
ports, as illustrated in Fig. 1a. For the waveguide-atom
system this can be done by connecting the waveguide to
two circulators [39–43] as in Fig. 10. The outgoing pho-
tons are then rerouted to two different ports. In the linear
regime, such an atomic implementation of a BS has ad-
vantage over conventional BS because it is easily tunable,
as follows from previous results [17, 26]. Indeed, we see
in Eq. (7) that the two photons are totally reflected at
resonance ∆ = 0, and totally transmitted when far de-
tuned ∆ γ; in both cases there is no Hong-Ou-Mandel
effect. By controlling the energy spacing of the two-level
system and hence the detuning, it is possible to turn the
Hong-Ou-Mandel effect ON or OFF. This can be done
by adjusting the gate voltage and biased flux in the case
of superconducting qubit [44], or an external field for the
case of atom and quantum dot [45]. Such a high-speed
tunable BS is useful for feed-forward operations on pho-
tonic qubits, as discussed in Ref. [46]. In contrast with
this proposal based on Mach-Zehnder interferometry, the
BS under study is realized by a single atom-like two-level
system, thus making it more suitable for implementation
on a chip of artificial atoms. Moreover, the spectral shape
of the photons is preserved given that we operate in the
linear regime where the photons do not interact and are
effectively monochromatic for the atomic BS.
To see an example where the tunable atomic BS can
be useful, we look at the two-qubit controlled-phase gate
proposed in the Knill-Laflamme-Milburn scheme for op-
tical quantum computing [2]. The module illustrated in
Fig. 10c implements such a gate on two dual-rays pho-
tonic qubits, where the 50-50 BS in the original proposal
have been replaced by tunable atomic BS. When the
atomic BS is in the mode ON the controlled phase-gate
is implemented, but when it is in mode OFF there is no
Hong-Ou-Mandel effect and one can verify that the out-
put is the same as the input, that is, the module imple-
ments the identity operator. Such an ability to turn ON
and OFF the controlled-phase gate allows the realization
of a configurable integrated optical chip that is capable of
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FIG. 8. (color online). Evolution of the time distribution
of photons propagating in opposite directions Suτ1,τ2(t), more
easily interpreted as the probability of coincidence triggered
of photons at distance τj from the front, were the atom to be
removed at time t. For the calculation, the input pulses are
resonant with a bandwidth fixed to Ω/γ = 0.1, making the
atomic BS being almost equivalent to a linear reflective mir-
ror. If the atom is removed before the pulses arrive (t = 0),
the pulses just propagate and the coincidence shows the prod-
uct of the input square profiles. If the atom is removed once
the pulses have passed (t = τu), we recover the correspond-
ing result in Fig. 7, apart from the spontaneous decay of the
atom that will happen for t > τu. If the atom is removed half-
way through the pulses (t = τu/2), the distribution is divided
into four distinct squares. The cases when neither photon has
reached the atom yet, or when both photons have reached the
atom, are analogous to the two cases above. When one of the
photons has reached the atom but not the other, the feature
can be explained as follows: the photon that has not reached
the atom will be certainly transmitted; so, in order to observe
a coincidence, the photon that has reached the atom must also
have been transmitted; but this can only be a transient effect
at the beginning of the scattering event, before the emission
of the atom starts building up the interference which reflects
the rest of the pulse. The effect thus becomes smaller and
smaller as Ω is further decreased.
running different computational tasks, each of the tasks
usually requiring a different number of controlled-phase
gates to be applied. Quantum dots and superconducting
qubits are natural choices for the two-level system in an
implementation on an integrated chip.
VI. CONCLUSION
We have presented a time-dependent study of the scat-
tering of two photons on a quantum emitter. We have
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FIG. 9. Time distribution of an outgoing photon when
tracing out the other one propagating in opposite direction
Suτ1/C = lim
t→∞
∫∞
0 dτ2 Suτ1,τ2(t)/C. The inset shows the time
distribution of the same photon when postselecting on the
detection of the other one at τ2. Here the input square pulses
are resonant with a bandwidth fixed to Ω/γ = 1, correspond-
ing to the nonlinear regime.
(a) (b) 
(c) 
Output Output
NS
NS
Atomic BS Atomic BS
(a) (b) 
(c) 
Output Output
NS
NS
Atomic BS Atomic BS
(a) (b) 
(c) 
Output Output
NS
NS
Atomic BS Atomic BS
FIG. 10. (color online). The atomic BS becomes four-port
when the waveguide is connected to two circulators. (a) The
Hong-Ou-Mandel effect is turned ON when ∆ ≈ γ. (b) An
external control field can turn OFF this effect by changing
the detuning to ∆ ≈ 0 or ∆ γ. (c) A controlled-phase gate
in the Knill-Laflamme-Milburn scheme can be switched ON
or OFF with the use of the tunable atomic BS. The nonlinear
sign (NS) gate implements the transformation α|0〉 + β|1〉 +
η|2〉 → α|0〉 + β|1〉 − η|2〉, where a pi phase shift is applied
only when the two photons reach the gate together.
shown that in the case of quasi-monochromatic photons,
a linear regime naturally arises where the atom behaves
as a conventional BS, leading to a Hong-Ou-Mandel effect
for the right parameters. We have also discussed a poten-
tial application of such a tunable BS, enabling to switch
ON and OFF a two-qubit gate in an integrated optical
chip. In addition, the nonlinearity induced by the atom
has been investigated by monitoring the atomic excita-
tion during the scattering event and a clear signature is
predicted in the coincidence counts. We also explained in
great detail the correlations induced by the atomic BS,
studying them from a new perspective. These correla-
tions are found to severely affect the incoming photons
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shape in the nonlinear regime, hindering the integrabil-
ity of the device as a mediator of photon-photon interac-
tion. The investigation of BS [47], mirrors [48, 49] and
interferometers [50, 51] operating in the quantum regime
opens the way to new exciting experiments, such as the
quantum delayed-choice experiment [52, 53], where con-
trolling devices usually considered classical now behave
according to quantum mechanics.
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Appendix A: Derivation of the time-dependent
averages
We give here a detailed derivation of the average coin-
cidence (3) and probability of excitation of the atom (6)
as given in the main text.
To describe the evolution of the system during the
scattering event, it is convenient to work in the in-
teraction picture with respect to the free Hamiltonian
Hˆ0 = ~ωA|e〉〈e| +
∫∞
0 dω ~ω
(
aˆ†ωaˆω + bˆ†ω bˆω
)
. The total
Hamiltonian then reads
Hˆint = −i~
∫ ∞
0
dω gω
[
σˆ+
(
aˆω + bˆω
)
e−i(ω−ωA)t −H.c.
]
,
(A1)
where σˆ+ = |e〉〈g| is the atomic raising ladder operator.
In the following we will use the Weisskopf-Wigner ap-
proximation [54, p. 207], where the coupling constant is
evaluated at the transition frequency gω = gωA .
The average coincidence (3) after the scattering event
is C = 1 − Paa(t → ∞) − Pbb(t → ∞), where Pjj is
the probability of having two photons in mode j. We
show below how to obtain Paa; the probability Pbb can
be computed in a similar manner. We have Paa =
〈ψin| Cˆaa |ψin〉, where
Cˆaa =
1
2
∫ ∞
0
dω
∫ ∞
0
dω′ aˆ†ωaˆ
†
ω′ aˆω′ aˆω =
1
2(Nˆ
2
a − Nˆa),
(A2)
with Nˆa =
∫∞
0 dω aˆ
†
ωaˆω the photon-number operator in
mode a. Note that we omit the time dependence of
the field and atom operators for clarity. The Heisen-
berg equation of motion yields the following closed set
of first-order differential equations for the operators
Cˆaa, Nˆa, σˆ+, σˆz, Nˆaσˆ+, Nˆaσˆz [34, 55]
˙ˆ
Caa =
γ
2 (Nˆa + Nˆaσˆz) +
√
γ(Nˆaσˆ+aˆ0 + H.c.), (A3)
˙ˆ
Na =
γ
2 (1ˆ+ σˆz) +
√
γ (σˆ+aˆ0 + H.c.),
˙ˆσ+ = −γσˆ+ +√γ (aˆ†0 + bˆ†0)σˆz,
˙ˆσz = −2γ(1ˆ+ σˆz)− 2√γ [σˆ+(aˆ0 + bˆ0) + H.c.],
d
dt
(
Nˆaσˆ+
)
= −γNˆaσˆ+ +√γ
[
aˆ†0(1ˆ+ σˆz)/2 + (aˆ
†
0 + bˆ
†
0)Nˆaσˆz
]
,
d
dt
(
Nˆaσˆz
)
= −2γ
[
Nˆaσˆz + Nˆa + (1ˆ+ σˆz)/4
]
−√γ
[
2Nˆaσˆ+(aˆ0 + bˆ0) + σˆ+aˆ0 + H.c.
]
,
where γ = 2pig2ωA and aˆ0 =
1√
2pi
∫∞
0 dω aˆω(t0)e
−i(ω−ωA)t.
To find the expectation value 〈ψin| Cˆaa |ψin〉 we need
to know the action of the free-pulse operator aˆ0 on the
state of the system |ψin〉 at the initial time t0. For this,
we first express the latter in terms of creation operators
as
|ψin〉 = |1a, 1b, g〉 (A4)
=
∫ ∞
0
dω fa(ω)aˆ†ω
∫ ∞
0
dω′ fb(ω′)bˆ†ω′ |∅〉,
where |∅〉 ≡ |0a, 0b, g〉 corresponds to the forward and
backward propagating modes being in vacuum state
while the atom is in the ground state and fa(ω) (fb(ω′))
is the shape of the photon pulse incoming in mode a (b).
Specifically, we have fa(ω) = fb(ω) when the two photons
are indistinguishable. We then obtain
aˆ0|ψin〉 = e−i∆tξa(t)|0a, 1b, g〉, (A5)
where ξa(t) ≡ 1/
√
2pi
∫∞
0 dω fa(ω)e
−i(ω−ω0)t with ω0 the
central frequency of the pulse, and ∆ = ω0 − ωA. The
free-pulse operator aˆ0 thus decreases the number of pho-
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tons when applied on |ψin〉.
Using the first equation in Eq. (A3), we can now derive
a differential equation for 〈ψin| Cˆaa |ψin〉
d
dt
〈ψin| Cˆaa |ψin〉 = γ2
(
〈ψin| Nˆa |ψin〉+ 〈ψin| Nˆaσˆz |ψin〉
)
+√γ
(
〈ψin| Nˆaσˆ+ |0a, 1b, g〉 e−i∆tξa(t) + c.c.
)
. (A6)
We then continue to use Eq. (A3) to find the differential
equations for the expectation values that appear on the
RHS of the above equation.
Iterating this procedure gives a system of 19 first-order
differential equations, in which the only time dependence
on the RHS is given by the input pulses ξa(t) and ξb(t).
This happens because the operators aˆ0, bˆ0 are placed on
the right, and aˆ†0, bˆ
†
0 on the left of every terms. There-
fore, the number of photons is always decreased and one
eventually ends up with averages in the vacuum state
〈∅| Oˆ |∅〉 with Oˆ one of the operators whose derivative is
given on the LHS of Eq. (A3). These quantities are eas-
ily known since the system does not evolve if the state
is in the vacuum |∅〉. We observe that the final system
of first-order differential equations can be solved one by
one, which greatly simplifies the computation for which
we used the software Mathematica.
In the process described above, one is led to solve the
differential equation
d
dt
〈ψin| σˆz |ψin〉 = −2γ (1 + 〈ψin| σˆz |ψin〉) (A7)
−2√γ (〈ψin| σˆ+ |0a, 1b, g〉 e−i∆tξa(t) + c.c.)
−2√γ (〈ψin| σˆ+ |1a, 0b, g〉 e−i∆tξb(t) + c.c.) ,
which gives the probability of excitation (6).
We now have all the necessary information to study the
problem of two-photon bunching on the atom for square
pulses of the form
ξa(t) = ξb(t+ T ) =
{ √
Ω
2 for t0 ≤ t ≤ 2Ω
0 otherwise
, (A8)
where T represents the delay between the two pulses in-
coming on the BS. The monochromatic regime then cor-
responds to the limit Ω  γ and is independent of the
exact pulse shape.
Specifically, the probability of excitation during the
time interval t0 ≤ t ≤ 2Ω is found to be
〈ψin| σˆz |ψin〉+ 1
2 =
σe−2t
′
δ (δ2 + 1)3
[
δ
(
2σ
(
(2t′ − 3)δ2 + 2t′ + 5)+ (δ2 + 1)2)+ e2t′ (δ3 + δ) (−2σ + δ2 + 1) (A9)
−2et′δ
((
δ2 + 1
)2 − 2σ ((t′ + 2)δ2 + t′ − 2)) cos(t′δ) + 4σet′ (t′δ4 + (t′ − 3)δ2 + 1) sin(t′δ)],
where t′ = γ(t − t0), δ = ∆/γ and σ = Ω/γ are
respectively the normalized time, detuning and band-
width. Eq. (8) is then readily obtained by considering
the monochromatic regime σ  1 while Eq. (18) corre-
sponds to the resonant case δ = 0.
The solution for the average coincidence C is rather
lengthy, but is greatly simplified in the monochromatic
limit (Eq. (7)) or at resonance (Eq. (17)).
We also plot in Fig. 4 the average coincidence C
for Gaussian pulses of the form ξa(t) = ξb(t) =(
4Ω2
pi
)1/4
e−2Ω
2t2 as well as exponentially rising pulses
ξa(t) = ξb(t) =
{ √
Ω eΩ2 t for t < 0
0 for t > 0
. (A10)
Appendix B: Derivation of the time-dependent
distributions Sω1,ω2(t) and Sτ1,τ2(t)
The goal of this section is to compute the joint spectral
decomposition given in Eq. (19) and the two-time corre-
lation in Eq. (21). To this end, we use the same method
as in Appendix A and derive a closed set of equations
for the amplitude 〈0a, 0b, g|aˆω1(t)bˆω2(t)|ψin〉. Omitting
the time dependence of the field and atom variables, we
obtain at resonance ∆ = 0
c˙s(ω1, ω2) =
√
γ
2pi e
i(ω2−ωA)tcaσ(ω1) + 1↔ 2
c˙aσ(ω) = −γcaσ(ω)− 2√γξ(t)ca(ω) (B1)
c˙a(ω) =
√
γ
2pi e
i(ω−ωA)tcA
c˙A = −γcA −√γξ(t),
where we have used ˙ˆaω =
√
γ/2piei(ω−ωA)tσˆ−, Eqs. (A3)
and defined the amplitudes as follows
cs(ω1, ω2) ≡ 〈0a, 0b, g|aˆω1 bˆω2 |ψin〉 (B2)
caσ(ω) ≡ 〈0a, 0b, g|aˆωσˆ−|ψin〉
ca(ω) ≡ 〈0a, 0b, g|aˆω(|1a, 0b, g〉+ |0a, 1b, g〉)/2
cA ≡ 〈0a, 0b, g|σˆ−(|1a, 0b, g〉+ |0a, 1b, g〉)/2.
One can easily check by formally integrating the last
equation of (B1) that cA as defined here is precisely the
linear amplitude introduced in Eq. (20).
The last step in order to further simplify the set of
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FIG. 11. Same as Fig. 4, for |∆| = γ such that the atomic
BS acts as a 50-50 BS in the monochromatic regime.
Eqs. (B1) is to take its Fourier transform, which reads
c˙s(τ1, τ2) =
√
γδ(t− τ2)caσ(τ1) + 1↔ 2
c˙aσ(τ) = −γcaσ(τ)− 2√γξ(t)ca(τ) (B3)
c˙a(τ) =
√
γδ(t− τ)cA
c˙A = −γcA −√γξ(t).
From here, the two-time correlation Sτ1,τ2 = |cs(τ1, τ2)|2
given in Eq. (21) follows directly from integrating
Eqs. (B3). Taking the inverse Fourier transform of
the obtained cs(τ1, τ2), one can also check that we find
the joint spectral distribution after the scattering event
(19), which agrees with post-scattering theories such as
Refs. [27, 33].
Appendix C: Induced non-linearity for the
off-resonant case |∆| = γ
For completeness, we briefly discuss the induced non-
linearity in the off-resonant situation |∆| = γ for which
the atomic BS acts as a 50-50 BS in the monochromatic
regime (see Fig. 2). We omit here the analytical formula
which is rather lengthy and does not provide any fur-
ther understanding. Instead, Fig. 11 illustrates the coin-
cidence for square pulses of finite bandwidth Ω. We ob-
serve as well a significant deviation between the atomic
BS and a linear BS in the regime where Ω ≈ γ, as in the
resonant case.
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